The modified decomposition method (MDM) is improved by introducing new inverse differential operators to adapt the MDM for handling third-order singular nonlinear partial differential equations (PDEs) arising in physics and mechanics. A few casestudy singular nonlinear initial-value problems (IVPs) of third-order PDEs are presented and solved by the improved modified decomposition method (IMDM). The solutions are compared with the existing exact analytical solutions. The comparisons show that the IMDM is effectively capable of obtaining the exact solutions of the third-order singular nonlinear IVPs.
Introduction
Singular nonlinear PDEs appear in many cases in physics and mechanics. Examples of singular nonlinear PDEs in physics include cylindrical and spherical KdV equations, Ernst equation, Clairaut's equation, Hartree equation, Yamabe problem, Zakharov-Schulman system, Cauchy momentum equation, and reaction-diffusion equations [1] [2] [3] . Examples of singular nonlinear PDEs in mechanics are equation of motion of a point mass in a central force field, generalized equation of steady transonic gas flow, cylindrical and spherical Navier-Stokes equations, and cylindrical and spherical fluid hydrodynamic instability equations [4, 5] . However, despite such importance in various fields of science and engineering, singular nonlinear PDEs are difficult to solve.
In recent years, semianalytical methods such as the Adomian decomposition method (ADM) and the modified decomposition method (MDM) have gained significance in solving many problems in physics and mathematics. ODEs and PDEs of various types have been solved by the MDM, such that singular and nonsingular nonlinear ODEs and also nonsingular nonlinear PDEs have been solved by the MDM [6] [7] [8] [9] [10] . Nevertheless, literature survey makes it clear that the MDM is never attempted on solving the singular nonlinear PDEs. Wazwaz [11] and Wazwaz and Mehanna [12] used the combined Laplace transform-ADM for handling nonlinear Volterra integrodifferential equations and singular integral equation of heat transfer, respectively. Sivakumar and Baiju [13] used a shooting type Laplace-Adomian decomposition algorithm for solving nonlinear differential equations with boundary conditions at infinity. Noghrehabadi et al. [14] combined Pade approximants and the ADM to study the deflection and pull-in instability of nanocantilever electromechanical switches. Duan and Rach [15] developed new numerical modified Adomian decomposition algorithms by using the Wazwaz-El-Sayed modified decomposition recursion scheme and investigated their practicality and efficiency for several nonlinear examples. Lin et al. [16] , based on the new definition of the Adomian polynomials, the ADM, and the Pade approximants technique, proposed a new algorithm to construct analytical approximate solutions for nonlinear fractional differential equations with initial or boundary conditions. Kermani and Dehestani [17] applied the ADM to solve the nonlinear equations from the 1D model for a nanosized oscillator. Song and Wang [18] introduced a convergence-control parameter into standard ADM and established a new iterative formula.
In the present study, the goal is to develop new inverse differential operators incorporated into the MDM to solve the third-order singular nonlinear PDEs. Thus the improved −1 { ( )} = ( , )− ( , 0)− ( , 0) in the following form:
It can be shown in the following manner that the application
The inverse differential operator of (4), proposed in the present work, introduces the improved modified decomposition method (IMDM) for solving third-order singular nonlinear PDEs. Applying the inverse differential operator of (4) to (3) and use of the boundary conditions of (2) gives:
The ADM and MDM state that the dependent variable ( , ) and the nonlinear terms in (6) should be substituted with the following infinite series [7] :
where 's, called the Adomian polynomials, are defined as
Substitution of infinite series of (7) in (6) 
Due to the ADM, all terms of ( , ) except 0 ( , ) are determined by a recursive relation, as follows [9] :
In MDM, a slight modification is applied to the ADM to enhance the convergence behavior of decomposition method, such that ( ) + ( ) is split into two parts; the first part, ( ), is written with 0 ( , ), and the second part, ( ), is written with 1 ( , ) as follows [10] :
2.2. General Third-Order Singular Nonlinear PDEs. We take into account the general third-order (in ) singular nonlinear PDE as follows:
where and are independent variables, is the dependent variable, is a nonlinear function of , , , , and , and is a real constant, > 1. The initial conditions are as follows:
By defining the linear differential operator (⋅)
, the left hand side of (12) is rewritten as 
The −1 is defined in the following form such that −1 { ( )} = ( , ) − ( , 0):
It can be shown in the following manner that −1 { ( )} = ( , ) − ( , 0):
The inverse differential operator of (15) , defined in the present work, can be used in conjunction with the MDM to solve the general third-order singular nonlinear PDEs. Applying the inverse operator of (15) to the differential equation (14) results in
Substituting the infinite series of (7) in (17), due to the MDM, gives the following form [9] :
where the Adomian polynomials 's are defined in (8) . The MDM form of (18) can be written as [10] 0 ( , ) = ( ) , 1 ( , ) = −1 ( 0 ( , )) , +1 ( , ) = −1 ( ( , )), ≥ 1.
(19)
General Complete Third-Order Singular Nonlinear PDEs.
We consider the general complete third-order, in , singular nonlinear PDE as follows:
where and are independent variables, is the dependent variable, is a nonlinear function of , , , , and , and is a real constant, > 2. The initial conditions are as The inverse operator of , that is, −1 , is defined in the following form such that −1 { ( )} = :
The credibility of definition of the inverse operator −1 , (23), is shown in the following manner:
The inverse operator of (23), which is developed in the present work, improves the MDM for solving the third-order singular nonlinear PDEs. Application of the inverse operator of (23) on (22) results in ( , ) = −1 ( ( , , , 2 2 , )) .
Substitution of the infinite series of (7) in (25) gives the following form [9] :
where 's are defined in (8) . The MDM for (26) can be written as [10] 0 ( , ) = 0, 1 ( , ) = −1 ( 0 ( , )) ,
Case Studies of Third-Order Singular Nonlinear PDEs Solved by IMDM
3.1. Case Study 1. We consider the following singular nonlinear initial-value problem (IVP) of PDE: (28)
Application of inverse operator developed in (15) with = 2, that is, −1 (⋅) = ∫ 0 (1/ 2 )∬ 0 2 (⋅) , on the third-order singular nonlinear PDE of (28) gives ( , ) = 2
Now, with the substitution of the dependent variable ( , ) and the nonlinear term ⋅ with the infinite series of (7), (26) becomes
The Adomian polynomials, 's, are obtained as [8] 0 ( , ) = 0 ( , ) ⋅ 0 ( , ) = 0, 1 ( , ) = 0 ( , ) ⋅ 1 ( , ) + 1 ( , ) ⋅ 0 ( , ) = 0, 2 ( , ) = 0 ( , ) ⋅ 2 ( , ) + 1 ( , ) ⋅ 1 ( , ) + 2 ( , ) ⋅ 0 ( , ) = 0, ( , ) = 0, ≥ 3.
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(32)
In conclusion, the solution of the third-order singular nonlinear initial-value problem of (28) is
which is the exact solution of (28). It can be seen that the exact solution of (28), (33), is obtained only by the first-order approximation using the new developed inverse differential operator, (15) . This reveals that the new developed inverse differential operator is an effective tool in handling the general singular nonlinear IVPs of third-order PDEs.
Case Study 2.
We take into consideration the following singular nonlinear IVP of third-order PDE: 
